THE SCHRODINGER-WEIL REPRESENTATION AND JACOBI FORMS 

OF HALF-INTEGRAL WEIGHT 
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Abstract. In this paper, we define the concept of Jacobi forms of half-integral weight 
using Takase's automorphic factor of weight 1/2 for a two- fold covering group of the sym- 
plectic group on the Siegel upper half plane and find covariant maps for the Schrodinger- 
Weil representation. Using these covariant maps, we construct Jacobi forms of half integral 
weight with respect to an arithmetic subgroup of the Jacobi group. 



1. Introduction 

For a given fixed positive integer n, we let 

m n = {He c (n>n) | n = l n, imn > o } 

be the Siegel upper half plane of degree n and let 

Sp(n,R) = {geR^ 2n ^ \ t gJ n 9 = Jn } 

be the symplectic group of degree n, where F^ k ' 1 ^ denotes the set of all k x / matrices with 
entries in a commutative ring F for two positive integers k and I, t M denotes the transposed 
matrix of a matrix M, Im fi denotes the imaginary part of £1 and 

In 
-In 

We see that Sp(n, K) acts on IHI n transitively by 

g ■ Q = (An + B)(Ctt + D)' 1 , 

where g = £ Sp(n,M) and ft, £ H n . 

For two positive integers n and m, we consider the Heisenberg group 

H^' m) = { (A, n; k) I X,n e M (m ' n) , k S R( m > m \ k + ^X symmetric } 
endowed with the following multiplication law 

(A, fj,; k) o (A', h'; k') = (A + A',/x + h'\k + «' + A V' - M*A / ). 

We let 

G J = Sp(n,R) x H^ 1 ' 17 ^ (semi-direct product) 
be the Jacobi group endowed with the following multiplication law 

(s,(A,Ai;K)) • (^(AW)) = (gg',(X + X',Ji + ^;k + k' + AV-^A')) 
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with g,g' G Sp(n,R), (A, /i; k), (A'./x'jk') G i?i n ' m) and (A,/2) = (A, /i)g'. We let T r> 
Sp(n,I*) be the Siegel modular group of degree n. We let 



r J = r n >< 4 n ' m) 



be the Jacobi modular group. Then we have the natural action of G J on the Siegel- Jacob i 
space I n>m := M n x <C( m '") defined by 

g, (A, n; k)) • (O, Z) = (g-Sl, (Z + XQ + fj,)(CQ + D)~ l 



where 9 = {f, ^) € 5p(n,M), (A,/*;«) G ^ n,m) and (O, Z) G M n>m . We refer to |27]-[S] 
for more details on materials related to the Siegel-Jacobi space. 



The Weil representation for the symplectic group was first introduced by A. Weil in [21] 
to reformulate Siegel's analytic theory of quadratic forms (cf. [16]) in terms of the group 
theoretical theory. It is well known that the Weil representation plays a central role in 
the study of the transformation behaviors of the theta series. Whenever we study the 
transformation formulas of theta series or Siegel modular forms of half integral weights, we 
are troubled by the ambiguity of the factor det(Cf2 + D) 1 / 2 in its signature. This means 
that we should consider the transformation formula on a non-trivial two-fold covering group 
of the symplectic group. In his paper [19], Takase removed the ambiguity of det(Cil-l-Z)) 1 / 2 
by constructing the right explicit automorphic factor Jy 2 of weight 1/2 for Sp(n,M)* on 
H n : 

(1.1) J 1/2 : Sp(n,R), x M n — ► C*. 

Here £p(n,M)* is the two-fold covering group of Sp(n,M) in the sense of the real Lie group. 
See (4.14) for the precise definition. J^m is real analytic on Sp(n,M)*, holomorphic on M n 
and satisfies the realtion 

(1.2) J 1/2 (<?*,ft) 2 = det(Cn + D), 

where g* = (g,e) G 5p(n,K)* with g = G Sp(n, K). Using the automorphic factor 

J\j2 of weight 1/2, he expressed the transformation formula of theta series without am- 
biguity of det(CT2 + D) 1 / 2 . Moreover he decomposed the automorphic factor = 
$(7 • O) f'&iyi) with a standard theta series $(fi) into a product of a character and the 
automorphic factor Ji^il*,^)- The automorphic factor Ji/ 2 of Takase will play an impor- 
tant role in the further study of half-integral weight Siegel modular forms and half-integral 
weight Jacobi forms in the future. 

This paper is organized as follows. In Section 2, we discuss the Schrodinger representation 
of the Heisenberg group H^ ,m ^ associated with a symmetric nonzero real matrix of degree m 
which is formulated in |22} 123]. In Section 3, we define the Schrodinger- Weil representation 
lu_X4 of the Jacobi group G J associated with a symmetric positive definite matrix J\A and 
provide some of the actions of ujm on the representation space L 2 (M( m > n )) explicitly. In 
Section 4, we review Jacobi forms of integral weight, Siegel modular forms of half-integral 
weight, and define Jacobi forms of half-integral weight using the automorphic factor J-yi% of 
weight 1/2 for the metaplectic group Spin, R)* on the Siegel upper half plane. In Section 5, 
we find the covariant maps for the Schrodinger- Weil representation lu_m ■ In the final section 
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we construct Jacobi forms of half-integral weight with respect to an arithmetic subgroup of 
r J using the covariant maps obtained in Section 5. 

Notations : We denote by Z and C the ring of integers, and the field of complex numbers 
respectively. C x denotes the multiplicative group of nonzero complex numbers. T denotes 
the multiplicative group of complex numbers of modulus one. The symbol ":=" means that 
the expression on the right is the definition of that on the left. For two positive integers k 
and I, F^ k ' 1 ^ denotes the set of all k x I matrices with entries in a commutative ring F. For a 
square matrix A G F^ k ' k ^ of degree k, cr(A) denotes the trace of A. For any M G F^ k,l \ l M 
denotes the transposed matrix of M. I n denotes the identity matrix of degree n. We put 
i = y/—l. For z G C, we define z 1 / 2 = yfz so that — tt/2 < arg(z 1 / 2 ) ^ ir/2. Further we put 
z k/2 _ (z 1 / 2 } K for every k£Z. 



2. The Schrodinger Representation of H^' m ^ 

First of all, we observe that H^' m ^ is a 2-step nilpotent Lie group. The inverse of an 
element (A, ji\ k) G H^' m ^ is given by 

(A, ju; k)^ 1 = (—A, —fj,; —k + A */U — \i t \). 

Now we set 

[X,H;k] = (0,/x;k) o(A,0;0) = (A,//; k — ^*A). 
Then H^' m) may be regarded as a group equipped with the following multiplication 

[A,//; k] o [A ,m ; «o] = [A + A ,/i + a*o; « + ^ + A*ju + Mo*A]. 
The inverse of [A, /x; k] G H^' m ^ is given by 

[A,^;^] -1 = [-X,-fi;n + A*/x + A**A]. 

We set 

L = | [0, k] G /4"' m) I m G M (m ' n) , k = *k G M (m ' m) } . 

Then L is a commutative normal subgroup of H^' m \ Let L be the Pontrajagin dual of L, 
i.e., the commutative group consisting of all unitary characters of L. Then L is isomorphic 
to the additive group IR( m > n ) x Symm(m,R) via 

(a, a) = e 2 ^(AV+™) 5 a = [ 0) ^ K ] G a = (/x, k) G L, 

where Symm(m,M) denotes the space of all symmetric m x m real matrices. 
We put 

S={[\, 0; 0] G H^' m) I A G M (m ' n) } M (m ' n) . 
Then S acts on L as follows: 

a A ([0, //;«]) = [0,//;k + A*// + /i*A], [A, 0,0] G 5. 

We see that the Heisenberg group (^H^ 1 '" 1 ^, is isomorphic to the semi-direct product 
S x L of S and L whose multiplication is given by 

(A, a) ■ (A , a ) = (A + A , a + a\(a )) , A, A G S, a, a G L. 
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On the other hand, S acts on L by 

a*x(a) = (p, + 2kX, k), [A, 0; 0] G S, a = (p., k) G L. 
Then, we have the relation (a\(a), a) = (a,a* x (a)) for all a G L and a G L. 
We have three types of S"-orbits in L. 

Type I. Let k G Symm(m,IR) be nondegenerate. The S'-orbit of a(k) = (0, k) G L is given 
by 

& = {(2k\,k) G L I A G R( m - n )} 
Type II. Let (fi,k) G ]R( m ' n ) x Symm(m,IR) with degenerate Then 

0(A,fc) = {(A + 2kA,k)| A G R( m ' n )} C rM x {£}. 
Type III. Let y G M^ m ' n \ The S'-orbit 0g of a(y) = (y,0) is given by 

Oy = {(y,0)} = a(y). 

We have 



L 



( 



u 



K£Symm(m,l) 
k nondegenerate 



U U W 
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u 



0(fi,k) 



(A,K)eK (m ' n) xSymm(m,] 
y k^O degenerate 



/ 



as a set. The stabilizer S% of 5 at a(k) = (0, k) is given by 

Sn = {0}. 

And the stabilizer S y of S at a(y) = (y, 0) is given by 

S y = | [A, 0; 0] | A G M (m ' n) } = S M (m ' n) . 

In this section, for the present being we set = H^ 1 for brevity. We see that L is a 
closed, commutative normal subgroup of H. Since (A, fi; k) = (0,fj,;K + /U*A) o (A, 0;0) for 
(A, fi; k) G iif, the homogeneous space X = can be identified with ]R( m > n ) via 

Lh = L o (A, 0; 0) i — ► A, h= (X,h;k) e H. 

We observe that acts on AC by 

(Lh) ■ h = L (A + A , 0; 0) = A + A , 

where h = (A, [i; k) G H and /io = (Ao, fJ-o) Ko) £ -ff- 

If /i = (A, k) G H , we have 

^ = (0,/z;/c + /i*A), s fo =(A,0;0) 

in the Mackey decomposition of h = lh o (cf. [S]). Thus if /io = (Ao, /^o; Ko) G -ffj then we 
have 

s h °h = (A,0;0) o (A , Mo; «o) = (A + A , fJ-o) k + X%) 

and so 

(2.1) l Sh oh = (0,/io; + W)% + A'^o + Mo'A). 
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For a real symmetric matrix c = *c £ Symm(m, 1) with c ^ 0, we consider the unitary 
character \c of L defined by 

(2.2) Xc((0,/i;«)) = e ™(-)/, (0,/x; K )£L, 

where / denotes the identity mapping. Then the representation = Ind^f Xc of induced 
from Xc is realized on the Hilbert space H( Xc ) = L 2 (X,dh,C) ^ L 2 (R( m '™),d£) as follows. 
If ho = (Xq, no', no) £ H and x = Lh £ X with /i = (A, /u; k) £ -ff, we have 

(2-3) MM/) (x) = Xc(l Sh oh ) (f(xh )) , f £ H( Xc ). 

It follows from (2.1) that 

(2.4) TOW) (A) = e «<K c («o+Mo%+2AVo)} j( A + Aq ) 5 

where ho = (Ao,/^o! K o) 6 -ff anci A £ M^ m ' n \ Here we identified a; = Lh (resp. x/io = 
Lhho) with A (resp. A + Ao). The induced representation >^ is called the Schrodinger 
representation of H associated with Xc- Thus W c is a monomial representation. 

Theorem 2.1. Lei c be a positive definite symmetric real matrix of degree m. Then the 
Schrodinger representation W c of H is irreducible. 



Proof. The proof can be found in [22], Theorem 3. □ 

Remark. We refer to 
and their related topics. 



Remark. We refer to [22]- [26] for more representations of the Heisenberg group Hw?' m ^ 



3. The Schrodinger- Weil Representation 

Throughout this section we assume that M is a symmetric integral positive definite mxm 
matrix. We consider the Schrodinger representation Wj^{ of the Heisenberg group H^' m ~ > 
with the central character W M ((0,0; k)) = Xm((0, 0; k)) = e ™ a( - MK \ k £ Symm(m, 1) (cf. (2.2)). 
We note that the symplectic group Sp(n, R) acts on H^' m ^ by conjugation inside G J . For 
a fixed element g £ Sp(n,M), the irreducible unitary representation ^ M of i^ n ' m ' ) defined 
by 

(3-1) ^{h) = W M {ghg- 1 ), heH^ m) 

has the property that 

*%((0,0;«)) = *m((0,0;k)) = ld H{xM > , K £ Symm(m,l). 

Here ^h{xm) denotes the identity operator on the Hilbert space H(xm)- According to 
Stone- von Neumann theorem, there exists a unitary operator R/^(g) on H(xm) such that 

RM{g)y^M{h) = ^mW-R-mQ?) fo r a ll h £ H^' m \ We observe that Rm{9) is determined 
uniquely up to a scalar of modulus one. From now on, for brevity, we put G = Spin, K). 
According to Schur's lemma, we have a map cm ■ G x G — > T satisfying the relation 

RMigm) = c M {gi,g 2 )RM{gi)RM{g2) for all gi,g 2 £ G. 



6 JAE-HYUN YANG 

Therefore Rm is a projective representation of G on H(xm) an d cm defines the cocycle 
class in H 2 (G,T). The cocycle cm yields the central extension Gm of G by T. The group 
Gm is a set G x T equipped with the following multiplication 

(9i,h) • (02^2) = {9i92, t 1 t 2 c M (g 1 ,g 2 )~ 1/m ), 91,92 €G, ti,t 2 eT. 
We see immediately that the map Rm ■ Gm — ► GL(H(xm)) defined by 

(3.2) R M (g,t)=t m R M (g) for all (g,t) G Gm 

is a true representation of Gm - As in Section 1.7 in [Sj, we can define the map : G — ► T 
satisfying the relation 

cm{9i,92) 2 = s M {9iy 1 SM(92)~ 1 SM(9i92) for all g u g 2 G G. 
Thus we see that 

(3.3) G 2 , M = { (g, t)GG M \t 2 = s M (g)- l / m } 

is the metaplectic group associated with M that is a two-fold covering group of G. The 
restriction R 2 ,m °f Rm to C2,A4 is the Weil representation of G associated with M.. Now 
we define the projective representation ttm of the Jacobi group G J by 

(3.4) 7r M (hg) = W M (h) R M (9), he H^ m) , g e G. 

The projective representation -km of G J is naturally extended to the true representation u>m 
of the group G J 2 u = &2,M * -Hr ■ The representation is called the Schro dinger- Weil 
representation of Cr J . Indeed we have 

(3.5) u> M {h-{g,t))=t m W M {h)R M {g), h € H^' m \ (g,t) G G 2)A <. 
We recall that the following matrices 



t(b) 



J " M with any 6= t iGRH i 
U in y 



0",, 



4 


M 







*a 








a- 1 







4 






generate the symplectic group G = Sp(n,M) (cf. [3, p.326],[TT] p. 210]). Therefore the 
following elements h t (X,fi;K), t_A^(6;t), 9M( a 'it) an d Cn,Ai;t of Gm * Hr'^ defined by 

h t (\ii; k) = ((I 2n ,t),(\,n;K)) with t £ T, A,/iGl M andKGl( m ' m ), 
t M (b;t) = ((t(b),t), (0,0; 0)) with any b = l b G M (n,ri) , t G T, 
5x( a ) = ((50(0;; , (0, 0; 0)) with any a G GL(n,U) and t G T, 
<Tn,M;t = (K, t) , (0, 0; 0)) with t G T 
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generate the group G_m x ' . We can show that the representation Rjn is realized on the 
representation H( X m) = L 2 (M (m ' n) ) as follows: for each / G L 2 (lR( m ' n )) and x G R^ m ' n \ 
the actions of R_m on the generators are given by 

(3.6) (R M (h t (\^-K))f) (x) = t m e™^ M ^ tx + 2xt ^f(x + \), 

(3.7) (R M {t M {b;t))f){x) = t m e m ^ Mxb ^f(x), 

(3.8) (R M {9M(<x',t))f) (x) = f"(deta) f /(x'a), 

mn 

(3.9) (R M {<Tn,M;t)f)(x) = t m (-) 2 {detM)% [ f ( y)e -2™(My*x) dy _ 

We denote by L^kK™)) ( resp _ £,l(]R( m » ft ))) the subspace of L 2 (R( m ' n )) consisting of 
even (resp.odd) functions in L 2 (R( m '")). According to Formulas (3.7)-(3.9), R%,M ls de- 
composed into representations of Rf M 

where -R^f ana - -^2~A4 are even Weil representation and the odd Weil representation of 
G that are realized on L 2 + (lR( m ' n )) and L 2 (lR( m > n )) respectively. Obviously the center Sf^M 
of is given by 

Z%M = {((/ 2 n,l),(0,0;«)) G G# iiM } 5* Symm( m ,l). 

We note that the restriction of ujm to G2,A4 coincides with R2,m an d ^mQ 1 ) = ^M(h) for 
all /i G ff< n ' m) . 

Remark 3.1. In i/te case n = m = 1, u_A4 is dea/i in [I] and |10j . We re/er to [5] and [7] 

/or more details about the Weil representation R2,m- 

Remark 3.2. The Schrddinger-Weil representation is applied usefully to the theory of Ja- 
cobi's theta sum [10] and the theory od Maass-Jacobi forms |12| . 



4. Jacobi Forms of Half-Integral Weight 

Let p be a rational representation of GL(n, C) on a finite dimensional complex vector 
space V p . Let G IR( m ' m ) be a symmetric half-integral semi-positive definite matrix of 
degree m. Let C°°(IHI njm , V p ) be the algebra of all C°° functions on H njm with values in V p . 
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For / G C°°(U n>m ,V p ), we define 

(f\ P ,M[(9, (A, /*;«))])(«, Z) 

(4 1) _ e -2vr jo-(A-((Z+AQ+^)(Cr2+D)- 1 C t (Z+Af7 + /i)) x g 2 vr i ct(M(A ft 'A + 2 A <Z+ *A)) 

x P (cn + D)~ 1 f(g-u, (z + xn + fi)(cn + d)- 1 ), 

where g = ^ € 5p(n,K), (X,p;k) G H^ ,m) and (fi, Z) G EI n)TO . 

Definition 4.1. Lei /O and .M be as above. Let 

H^ m) = k) G H^' m) | A,/i G Z( m '"), k G Z( m ' m ) }. 

A Jacobi form of index M. with respect to p on a subgroup T of T n of finite index is a 
holomorphic function f G C°°(H nim , V p ) satisfying the following conditions (A) and (B): 

(A) f\ pM [7] = / for all 7 G T x H^' m) . 

(B) For each M G T n , /^^[M] has a Fourier expansion of the following form : 

(f\ pM [M])(n,Z)= E c(T,fi).e¥ ff(m) .e 2 »( ffi ) 



f—T -R\ 

with a suitable Ar G Z and c(T, i?) 7^ on/y if I | r t 2 ] ^ 



2 

If n > 2, the condition (B) is superfluous by Koecher principle ( cf. [36] Lemma 1.6). We 
denote by J Pi ^(r) the vector space of all Jacobi forms of index M. with respect to p on 
r. Ziegler(cf. [36] Theorem 1.8 or [2j Theorem 1.1) proves that the vector space J P) m(^) 
is finite dimensional. In the special case p{A) = (det(^4)) fc with A G GL(n,C) and a fixed 
k G Z, we write Jk,M^) instead of J P) m(X) an d call k the weight of the corresponding 
Jacobi forms. For more results on Jacobi forms with n > 1 and m > 1, we refer to |27]-[30] 
and 



Definition 4.2. A Jacobi form f G Jp,A4(F) is said to be a cusp ( or cuspidal) form if 
f—T -R\ 

I \ F t 2 J > for any T, R with c(T,R) ^ 0. A Jacobi form f G J p x(r) is said to be 
\2 R M J 

singular if it admits a Fourier expansion such that a Fourier coefficient c(T, R) vanishes 

(— T -R\ 
i r +^ 2 . . I = 0. 
\ l R MJ 

Singular Jacobi forms were characterized by a certain differential operator and the weight 
by the author [23] . 



Without loss of generality we may assume that p is irreducible. Then we choose a 
hermitian inner product ( , ) on V p that is preserved under the unitary group U(n) C 
GL(n,C). For two Jacobi forms f\ and fi in J Pj m(T), we define the Petersson inner product 
formally by 

(4.2) (h,h):=f (p(Y'2)f 1 (n,Z),p(Y 1 2)f 2 (n,Z)) KM (n,Z)dv, 
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where 

(4.3) dv = (det y)-("+ m +!) [dX] A [dY] A [dU] A [dV] 
is a G^-invariant volume element on Elyi and. 

(4.4) K M {n,Z) := e -4 7 r CT ( t (ImZ)MImZ(I m n)-i)_ 

A Jacobi form / in J Pj _^(r) is said to be square integrable if (/, /) < oo. We note that 
cusp Jacobi forms are square integrable and that (/i,^) is finite if one of f\ and ji is a 
cusp Jacobi form (cf. [36J, p. 203). 

/ A B\ „ 
lor 9 = \q j-) J £ we se ^ 

(4.5) J(^, o) = co + d, nein. 

Let M be an m x m positive definite symmetric real matrix. We define the map Jm : 

G J x M n/m — C* by 

(4 6) Jm{1) ^)) e 27ricr(A-([Z+An+^](Cn+D)- 1 c) _ g -27ri a (A4 (Af2 * A+2A ' Z+K+^t * A)) 

where g = (g, (A, /x; k)) G G j with g = G G and (A, k) G H^' m K Here we use 

the Siegel's notation S[X] := t XSX for two matrices S* and X. 
We define the map J Pt M '■ G J x H n)m — > GL(V P ) by 

J p ,m(9, (P>,Z)) = Jm{9, (tt,Z))p(J(g,tt)), 

where g = (g, h) G G J with g & G and /i G H^' m \ For a function / on Ht n with, values in 
Vp, we can lift / to a function $j on G J : 

= (f\ pM [a])(U n ,0) 

= J pM (a,(iI n ,0))- 1 f(a-(iI n ,0)), aeG J . 

A characterization of <!>/ for a cusp Jacobi form / in J Pj m(F) was given by Takase [TTj, 
pp. 162-164]. 

We allow a weight k to be half-integral. 

Let y = {S G C( n ' n ) | S = i S', Re(S') > } be a connected simply connected complex 
manifold. Then there is a uniquely determined holomorphic function detz on y such that 

(4.7) (det 1/2 5) 2 = det S for all S G 5^ . 

(4.8) det 1/2 S = (detS) 1/2 for all S G & n M (n ' n) . 
For each integer G Z and S G =5^, we put 

det fe / 2 S= (det 1 / 2 ^. 
For brevity, we set G = Sp(n, M). For any g G G and O, O' G H n , we put 



(4.9) efofi'.fi) = det^^ ^ j det, f _ j 

x | det J(#,0')r 1/2 |det J( 5 ,0)r 1/2 . 
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We refer to [13 O Q7] for more detail about e(g; 0', Q). 

For each Q G H n , we define the function /3q : G x G — > T by 

(4.10) 0n(gi,92) = e( gi ;n, g 2 (fi)), gi,gzeG. 

Then /3q satisfies the cocycle condition and yields the cohomology class of (3q, of order two ; 

(4.11) (3n(gi,92) 2 = an(g2)an(gig 2 y 1 an(g 1 ), 
where 

For any Q £ H n , we let 

G n = {(g,e) GGxT| e 2 = a,^)- 1 } 
be the two-fold covering group with multiplication law 

(5l,ei)(52,e 2 ) = (5152, ei £2 $2(51, 52)) • 

The covering group G^ depends on the choice of Vt G H n , i.e., the choice of a maximal 
compact subgroup of G. However for any two elements £li,Q, 2 G H n , GV^ is isomorphic to 
Gn 2 (cf. [H]). 

We put 

(4.13) G* := G i7n . 

Takase [191 P- 131] defined the automorphic factor Jij 2 '■ G* x H n — > C* of weight 1/2 by 

(4.14) Ji/ 2 (&,«) := e^e^^i/nJIdet J( 5 ,^)| 1/2 , 
where 5e = (5, e) £ Gn with g £ G and f2 G H n . It is easily checked that 

(4.15) J 1/2 (g*K,n) = J 1/2 (#*,/i- fi)J 1/2 (/i*,0) 

for all g* = (5, e), fr* = (h, rj) G G* and O G H n . We also see easily that 

(4.16) ^1/2(5*, = det(GO + D) 

for all g* = (g, e) G G with g = f ^ ^ G G. 

Let 7r* : G* — ► G be the projection defined by n*(g, e) = g. Let T be an arithmetic 
subgroup of the Siegel modular group T n of finite index. Let = 7r~ 1 (r) C G*. Let \ be a 
finite order unitary character of T*. Let A; G Z be an odd integer. We say that a holomorphic 
function <p : M n — > C* is a Siegel modular form of a half-integral weight k/2 with level T if 
it satisfies the condition 

(4.17) 0( 7 * • O) = X (7*) ^1/2(7*, fi)*0(n) 

for all 7* G and f2 G H n . Here acts on H n through the projection 7r*. We denote by 
Mk/ 2 (T, x) be the vector space of all Siegel modular forms of weight k/2 with level T. Let 
Sk/ 2 (T,x) be the subspace of M k / 2 (T,x) consisting of <f> G Mj s ./ 2 (T,x) such that 

|0(O)| det(Imft) fc/4 is bounded on M n . 
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An element of 5fc/ 2 (r, x) is called a Siegel cusp form of weight k/2. The Petersson norm on 
Sjfc/2(r,x) is defined by 

M\ 2 := [ |<X^)| 2 det(Imfi) fc / 2 ^, 
Jr\m n 

where dv n = (det Y)-( n+1 UX dY (n = X + iY e H n ) is a G*-invariant volume element 
on H„ . 



Remark 4.1. Using the Schro dinger- Weil representation, Takase [20J established a bijective 
correspondence between the space of cuspidal Jacobi forms and the space of Siegel cusp forms 
of half integral weight which is compatible with the action of Hecke operators. For example, 
if m is a positive integer, the classical result (cf. [2] and $\) 

(4-18) -C7(r0 = s m _ 1/2 (r (4)) 

can be obtained by the method of the representation theory. Here T n is the Siegel modular 
group of degree n, To (4) is the Hecke subgroup ofT n and J^/Ti^n) denotes the vector space 
of cuspidal Jacobi forms of weight m and index 1. 

We now define the notion of Jacobi forms of half- integral weight as follows. 

Definition 4.3. Let T <Z T n be a discrete subgroup of finite index. We put = 7r~ 1 (r) 
and 

1 # — 1 * X ti % 

A holomorphic function f : H njm — > C is said to be a Jacobi form of a weight k/2 G t£L 
(k : odd) with respect to and index M. for the character x ofF^ if it satisfies the following 
transformation formula 

(4.19) /(%-(n,Z))= xtf*)JkM(7*>(to,Z))f(to,Z) forall^eT*. 
Here J k ,M '■ T* x EIn,m — ► C is an automorphic factor defined by 

(4.20) J kM {%,(Q,Z)):= e ^^{M(z + xa + „)(cu +D )-^(z + xn+u)) 

x e -2nia(M(\n 'A+2A *Z + k + „ 'A)) ^ ^ n)k , 



where 7* = (7*, (A, re)) G with 7* = (7, e), 7 = ^ ^ ] 6 T, (A, «) G JS^ ' 

(n,z) g 



5. Covariant Maps for the Schrodinger-Weil representation 

As before we let M be a symmetric positive definite m x m real matrix. We keep the 
notations in Section 4. 



We define the mapping &( M ) : M„ im — ► L 2 (R( m < n )) by 



(5.1) ^ (M) (Q,Z)(x) = e ™*{M(xn t x+2x t Z)}^ (^ Z j G ^ ^ G 
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For brevity we put J^} } := M M \n, Z) for (ft, Z) G H n , m . Takase \19\ proved that G 2 , M 
is isomorphic to Gjj n (cf. (3.3) and (4.13)). Therefore we will use G* := Gn n instead of 

G2,M- 

We set 

(5.2) Gj := G. x H^ m) . 

We note that G{ acts on JHTyj,^ vici th.6 na/turcil projection of onto G J . 

Now we assume that m is odd. We define the automorphic factor : G{ x H nim — > C x 
for Gi on H„ jm by 

(5.3) JJU(flr„(n,Z)) =e «^(M(z+An+M)(on+2J)-io*(^+An+,*)) 

Xe -M M (^+ 2Xtz + K +^)) J 1/2 ((g } e),n) m , 

where = ((5, e), (A, ft; «)) G G{ with 9 = ^) € G, (A, /u; k) G ^™' m) and (0, Z) € 

Theorem 5.1. iei m be an odd positive integer. The map ^(■ M '> : M ntm — > L 2 (R(' m,n )) 
defined by (5.1) is a covariant map for the Schrddinger-Weil representation u>_m of G{ and 
the automorphic factor J* M for G{ on H njm defined by Formula (5.3). In other words, 
satisfies the following covariance relation 

(5.4) "M®.)^ = r M {9*,{^Z))- l ^^ z) 
for all g* G G{ and (O, Z) G M niTn . 

Proof. For an element = ((5, e), (A, fi; «)) G G* with 5 = G Sp(n, R), we put 

(fi*, Z*) = 5* • (O, Z) for (0, Z) G H njm . Then we have 

n„ = 5 . n = (yin + j b)(co + d)-\ 

Z* = (Z + XQ + fi)(Cn + d)- 1 . 

In this section we use the notations t(b), g{a) and a n in Section 3. Since the following 
elements h(X, [a; k) € , t(b ; e), g(a ; e)* and cr n)(E of G^ defined by 

^(A,m;«) £ = ((I 2n! e),(A,M;«)) withe= ± 1, A,/iGM (m ' n) , 

t(6 ;e ) = ((*(,(&), e),(0,0;0)) with e = ± 1, 5='&el (ffl ' m) , 
5 (a;e) = ((50(a), e), (0, 0; 0)) with e = ± 1, ± i, a G GL(n, R), 
(K,e),(0,0;0)) with e 2 = (-i) n . 



a 



n.c 



generate the group G* , it suffices to prove the covariance relation (5.4) for the above gen- 
erators. 

Case I. g* = h(\,fJ,;K) e with e = ± 1 and A,ju6 R^ m ' n \ k G R( m > m ). 
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In this case, we have 

ft* = ft, Z* = Z + Aft + /i. 

We put 

/i(A, //;«)+ := ((/ 2 n,l),(A,/i;K)) 

and 

h(A, //;«)_ := ((I 2n , -1), (A, //; /c)) . 

It is easily seen that 

J 1/2 ((J 2n ,l),ft) = 1 and J 1/2 ((/ 2n ,-l),ft) = -1. 

Therefore we get 

J* M {h(X,fi;K) + ,(n,Z)) = e -™°{M{\ntx+2Xtz +K+ ^x)} 

and 

J* M (h(\,V,K)-,(n,Z)) = _ e -^^(An*A+2A*Z+ie+A.«A)}_ 
According to Formulas (3.5) and (3.6), for x G R( m > n ), 



= e , ! ,{M( K+fl 'A + 2xV)}^) (l+A) 



e 7ricr{A1(K+^ t A+2x V)} e TTiv{M((x+X)tt t (x+\)+2(x+\) t Z)} 
On the other hand, according to Formula (5.3), for x 6 R( m ' n ), 

JXi^A^;^,^,^))- 1 ^^^) 

= JX < (fc(A,M;«),(n,^))" 1 ^Uo+M( !C ) 

e 7rjcr{A4(Af7*A + 2 A*Z + k + ^*A)} _ g 7ri cr{A1(:r Q *x + 2 x '(Z+Afi+^i))} 
e 7rio-{X(K+^ t A+2xV)} e 7ri<r{.M((x+A)fi t (x+A)+2(x+A)*Z)} 

Therefore we prove the covariance relation (5.4) in the case g* = h(X,fi;K) + with \,fi,n 
real. 

Similarly we can prove the covariance relation (5.4) in the case g* = /i(A, //;«)_ with 
A, (i, k real. In fact, 

( WA4 (fc(A >M ;«)-)^ ) )(x) 
= jx, (/»( a, /i; «)_ , (ft, z)) (*) 

7ricr{.M(«+/x*A+2xV)} g7ri<r{.M((x+A)n t (x+A)+2(x+A) t .Z)} 

Case II. g* = t(b ; e) with e = ± 1 and b = % G R("' n ). 
In this case, we have 

ft* = + 6, Z* = Z and J_m (5, (0, Z)) = 1. 

We put 

*(&)+ = ((*(&), 1),(0,0;0)) 
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t(b)-= ((t(6),-l),(0,0;0)). 

It is easily seen that 

J 1/2 ((t(6),l),fi)= 1 and J 1/2 ((t(6),-l),n)= -1. 
Therefore we get 

r M {t(b) + ,(n,z)) = i and r M {t(b)-,(n,z)) = -i. 

According to Formula (3.7) together with Formula (3.5), we obtain 

(u M {t{b)+)^^S) (x) = e wi ^ Mxb * x ^^\x), x G R( m - n ). 
On the other hand, according to Formula (5.3), for x G R*" 1 '™), we obtain 

JU{t{b) + A^z)y l ^l^ z) (x) 

e TTia( K M(x(n+b) t x+2x t Z)) 

Therefore we prove the covariance relation (5.4) in the case g* = t(b)+ with b = *6 G ]R( n ' n ). 

Similarly we can prove the covariance relation (5.4) in the case g* = t(b)- with \,fi,n 
real. In fact, 

= _ e *i<r(Mri*z)jr(M)( x ) m 



Case III. = ((g(a), e), (0, 0; 0) with e = ±1, ±i and a G GL(n, ] 
In this case, we have 

$7* = 'afla and = Za. 

We put 



(G/(a),l),(0,0;0)), 
(( 5 (a),-l),(0,0;0)), 
(G/(a),i),(0,0;0)), 
(G/(a),-i),(0,0;0)). 



5(a)- 
5(a)- 
5(a)" 
5(a)" 

Then we can see easily that 

J 1/2 ((g(a), l),n) = (det ay 1 / 2 , 

J 1/2 {(g(a),-i),n) = -(det a)- 1 / 2 , 

■A/2 = i(deta)- 1 / 2 , 

■/i/ 2 ((^(a),-i),n) = -i(deta)- 1 / 2 . 
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Using Formulas (3.5), (3.8) and (5.3), we can show the covariance relation (5.4) in the 
case gr* = ((g(a), e), (0, 0; 0)) with e = ± 1, ±i and a G GL(n,R). 



e 2 = {-if 



Case IV. g* = ((a n , e), (0, 0; 0)) with a n = (j^ ^ and 
In this case, we have 

Q^-Q- 1 and Z* = Z£T 1 . 
In order to prove the covariance relation (5.4), we need the following useful lemma. 

Lemma 5.1. For a fixed element Q G H n and a fixed element Z G £, (jn,n \ we obtain the 
following property 

m 

(5.5) I e^^ ntx+2xtz U Xll ...dx mn =(det-) V 7 " 

jR(rn,n) \ I ) 

where x = (xij) G R( m ' n \ 

Proof of Lemma 5.1. By a simple computation, we see that 

e wia(xn t x+2x t Z) _ e --Kia(Z£l- xt Z) . e m a^x+ZQ,- 1 )^ (x+ZQ.- 1 )} 

Since the real Jacobi group Sp(n,R) ix H^' m) acts on H n)m holomorphically, we may put 
n=iA*A, Z = iV, iefM, V = (vij) G R( m,n \ 

Then we obtain 

I' e «a(*n*x+2*«Z) dxii ... da . mn 
= g-Trio-CZn- 1 *^) /* ^iallx+iViiA^r^iiA^^x+iViiA^)- 1 }] dxn _ _ dXmn 

Jn(m,n) 

= g-n^zn- 1 ^) /" e 7Tia[{x+v( - AtArl}AtAt{x+v{AtArl}] dx 11 ---dx mn 

J]g(m,n) 

= e -^n-^z) I e -na{(uA) %uA)} _ _ _ cb mn (Putn = x + y(^U)- 1 = (n lj )) 
ill" 1 .") 

= e -™*(zn-"z) f e -* a ( w * w \detA)- m dw 11 ---dw mn (Put w = uA = ( Wij )) 

(m n ,. \ 
rrrr / e -< ^ 
i=i J -=i- / * / 

= e -^ CT ^ ltz )(detA)- m (because ! w l d Wij = I foralU,j) 

Jr 

= e -^(zn-^z) ( det ( A *4))-f 

This completes the proof of Lemma 5.1. □ 
According to Formulas (3.5) and (3.9), for x G we obtain 
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= e m 



( mn 
-) 2 (detMy [ &M( y)e -2*i*(My*x) dy 



rn n 



"> ll \ 2 (detM)^ I e nia{M(yn t y+2y t Z)} e -2n i a(M y*x) dy 



1 J JR( m , n ) 

mn 



= e m (-) 2 (detM)* f e -i<r{M( y nt y + 2 y t(z- x ))} dy 

1 n 

If we substitute u = M.? y, then du = (det M.) 2 dy. Therefore according to Lemma 5.1, we 
obtain 



mn 

-) 2 (detM)* f (un<u + 2M^ut(z- x) ) {detM) -% du 

mn 

j 

(\ - ' " / — 
1 j 2 f det 9A 2 e -«i*{M^ { z- x) n-i<(z- x) M^} {hyLemma5A) 

m (detn)-T e -«i°{M{z-x)n-"(z-xj) 

m (det^y^ e ~ 7T iv(M(zn- lt z + xn- lt x-2zn- lt x)) 



= e 



= e- I - I / e 

1 J JM.(m,n) 
mn 



= e 



On the other hand, 



^i/2(0n,e),^) 



= e 



1 det- 1 ^ ^n-n-a w •(»/„) j detV2 ^flz^) j |j ( a n ,i/ n )|- 1/2 

= c -i det" 1 ^ ^O-^n-^j detl/2 ^"-Wj (iB) -V2 
= e^det-^^-ifi- 1 )*-"/ 2 



-i 



1 \ -™/ 2 

lj ( det n) 1/2 z-"/ 2 

= e" 1 (detfi) 1/2 . 
Thus, according to Formula (5.3), for x G rM ] W e obtain 
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r M {g*^z))-^^ z) {x) 

= e-^™- 1 **) J 1/2 (K, e), 0) ~ m ^\ zn ^ (x) 

= e m (detn)~^ e-^iviMzn-^z) e iria{M(x(-n- 1 ) t x + 2x t (zn- 1 ))} 

= e m (detO) - ^ e ^ ia {M(ZQ,- lt z + xQ,- lt x-2zn- lt x)) 

Therefore we have proved the covariance relation (5.4) in the case = ((<r n , e), (0, 0; 0)) 
with e 2 = (—i) n . Since J* M is an automorphic factor for G{ on HI n m , we see that if the 
covariance relation (5.4) holds for two elements g*, h* in G{ , then it holds for g*h*. Finally 
we complete the proof. □ 

It is natural to raise the following question : 
Problem : Find all the covariant maps for the Schrodinger-Weil representation ujm on 



6. Construction of Jacobi Forms of Half-Integral Weight 

Let (-7T, V w ) be a unitary representation of G{ on the representation space V n . Let T be 
an arithmetic subgroup of the Siegel modular group T n . We set = 7r i) T 1 (r) and 

We assume that (ir, V w ) satisfies the following conditions (A) and (B): 

(A) There exists a vector valued map 

& : H„, m — ► V w , (n, Z) ' ^ J^,z := Z) 
satisfying the following covariance relation 

(6.1) 7r(^)^h,z = ^(&) ■/*(&, («, ^)) _1 for all 5, G G{, (ft, Z) G H n , m , 

where V is a character of and J* : G{ x H nim — ► GL(1,C) is a certain automorphic 
factor for on EI njm . 

(B) There exists a linear functional 9 : V^- — > C which is semi-invariant under the action 
of , in other words, for all 7* G and (0, Z) G El^m, 

(6.2) <tt*(7*)(?, ^h,z) = (^7r(7*) _1 ^n,z) = x(t*) ^h,z), 
where 7r* is the contragredient of 7r and x : L* — ► T is a unitary character of F{ . 

Under the assumptions (A) and (B) on a unitary representation (it, V n ), we define the 
function on H raim by 

(6.3) G(Q, Z) := ( 9, 3? Q , Z ) = 9(3? n ,z) , («, Z) G H n , m . 

We now shall see that is an automorphic form on H nim with respect to for the 
automorphic factor J*. 
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Lemma 6.1. Let (tc, V t ) be a unitary representation ofG{ satisfying the above assumptions 
(A) and (B). Then the function on H n ?Tt defined by (6-3) satisfies the following modular 
transformation behavior 

(6.4) Q(%-(n,z)) = x^*)- 1 J^{£l,Z))®(n,Z) 

for all 7* G T{ and (0, Z) G M Utrn . 

Proof. For any 7* G T{ and (£l,Z) G H njm , according to the assumptions (6.1) and (6.2), 
we obtain 

6(7*-(fi,Z)) = <0,-%.(n,z)> 
= < 0, ^(7*) _1 (fi, Z)) n(l*)^n,z > 
= V(7*)"V, (7*, (fi, Z)) < 0, 7r(7*)^h,z > 
= V^tT 1 ^(t*)" 1 ^ (7*, («, ^)) < <?, ^h,z > 
= V'(7*)" 1 x(7.) _1 J. (7*, («, ^)) ©(n, z). 

□ 

Now for a positive definite integral symmetric matrix M of degree m, we define the 
holomorphic function @m : H n m — > Cby 

(6.5) e M (Q,Z):= e vi < M ^ + 2 ^), (0,2)eH n , m . 

Theorem 6.1. Let m be an odd positive integer. Let M. be a symmetric positive definite 
integral matrix of degree m such that det (M) = 1. Let T be an arithmetic subgroup ofT n 
generated by all the following elements 

a' 1 J ' " n \L n 

where b = t b G Z( n,ra ) u>ii/i even diagonal and a G 'L^ rL,n \ Then for anyj* G i/te function 
Q_M satisfies the functional equation 

(6.6) e.M(7,-(n,Z)) =PA4(7*)JM(7*,(fi,^))©>t(n,^), («, Z) G M n , m , 

where pM is a uniquely determined character of T'{ and Jj^ : G{ x M n ^ m — ► C* is the 
automorphic factor for G{ on M. n ^ m defined by the formula (5.3). 

Proof. For an element 7* = ((7, e), (A, //; At)) G T'l with 7 = ^ ^\ G T and (A,//; At) G 
H^ l ' m \ we put (17*, Z#) = 7* • (fi, Z) for (fi, Z) G EIn,m- Then we have 

= 7 • n = (An + B)(cn + £>) _1 , 
= (z + xn + fi)(cn + d)- 1 . 

We define the linear functional 1? on 



t ( b )= (n* r )' 5(a) = ( « J , ~ ' ° 











In ' 


5(a) = ( 
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We note that @m(Q,Z) = iJ^^). Since j^-^ 1 ) is a covariant map for the Schrodinger- 
Weil representation by Theorem 5.1, according to Lemma 6.1, it suffices to prove that 
■d is semi-invariant for um under the action of T J , in other words, # satisfies the following 
semi-invariance relation 

(6.7) (*.w jM (7.)-^ ) ) = M^r^'^) 

for all 7* G and (Q, Z) G H„ i?n . 

In this section we use the notations t(b), g(a) and a n in Section 3. Since the following 
elements h(X,y,K) e , t(b;e), g(a;e)* and a U:e of G'{ defined by 

h(\,n;n) e = ((J^e), (A, /*;«)) with e = ± 1, A, u G Z {m ' n) , k G 7L^ m \ 

t(b;e) = ((t(6),e),(0,0;0)) with e = ± 1, b = % G Z (n ' ra) even diagonal, 
g(a;e) = ({g{a), e), (0, 0; 0)) with e = ± 1, ±i, a G GL(n,Z), 



<r n ,e = ((<r n ,e),(0,0;0)) with 



e 2 = M) n . 



generate the group T^. Therefore it suffices to prove the semi-invariance relation (6.7) for 
the above generators of T J . 

Case I. 7* = h(X, n; «) e with e = ± 1, A^eZl™'"), kGZM. 
In this case, we have 

0* = and = Z + A + /x. 

We put 

h(X,fj,;K)+ := ((/ 2 n,l), (A, //;«)) 

and 

h(A, //;«)_ := ((i" 2n ,-l), (A, //;«)). 

It is easily seen that 

J 1/2 ((/ 2n ,l),ft) = 1 and J 1/2 ((J 2n ,-l),fi) = -1. 

Therefore we get 

JjU(MA,/X;«) + ,(n,Z)) = e — {-M(A^A+2A^ +K+M 'A)} 

and 

j£((/l(A,A*;K)-,(n,Z)) = _ e --^(An'A+2A'Z +K+ ^A)}_ 
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According to the covariance relation (5.4), 

= (v,r M (h(\, n K ) + , (n, z)) - l ^l, K)+ .^ z) ) 
= r M (ma, m; «)+, («, *0) 1 < > 

= J^(/ l (A, M ;«) + ,(n,^))" 1 £ e' r<ff {^( AntA + 2At ( z+An+ ^)} 
= J^(/ l (A,M;«) + ,(n,^))" 1 -e-' r<<T (^ An ^ + 2Atz )) 

x ^ e 2vrj CT (A^AV) e 'r^{A / !((^+A)n t (A+A) + 2( J 4+A)*Z)} 

Here we used the fact that a(MA t fi) is an integer. Similarly we obtain 

< * , WJM (MA, M ; «)-)^ > = - e ™(*(« + "*» ( ^ ^M) y 

We put 
and 

^(fc(A,M;«)-) = _ e --(^(" + ^)). 

Therefore -d satisfies the semi-invariance relation (6.7) in the case 7* = h(X,/j,;K) e with 
e= ±1, \,n e Z( m '«), KeZ'" 1 '" 1 *. 

Case II. t(6 ; e) = ((t (b), e), (0, 0; 0)) with e = ± 1, 6 = *6 € Z("' n ) even diagonal. 
In this case, we have 

0, = n + 6, = Z and Jm (5, (0, Z)) = 1. 

We put 

t(b) + = ((*„(&), 1),(0,0;0)) 

and 

<(&)_ = ((t (6),-l),(0,0;0)). 

It is easily seen that 

Ji/ 2 ((to(6), !),«)= 1 and J 1/2 ((t (&), -1), fi) = -1. 
Therefore we get 

r M (t (b) + ,(n,z)) = 1 and j* M {t (b)-,(n,z)) = -1. 
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According to the covariance relation (5.4), we obtain 

= {^JUt{b) + A^z))-\^\.^ z) ) 

— \ u > ^n+b,z I 

_ e niv{M(A(n+b) t A + 2A t Z)} 

_ e iri<r(M(An t A + 2A t Z)) _ ^i^MAbU) 

m,n) 



e nia(M(An t A + 2A t Z)) 

,n) 

Here we used the fact that a(M.Ab t A) is an even integer. Similarly we obatin 
We put 

PM{t(b)+)=l and p M (t(b)-) = - 1. 

Therefore d satisfies the semi-invariance relation (6.7) in the case t(b ; e) = ((to(&), e), (0, 
withe= ±1, b= *6GZ( n '«). 

Case III. 7* = g{a ; e) = ((5(a), e), (0, 0; 0)) with e = ± 1, ±i, a£GL(n,Z). 
In this case, we have 

fL = *a SI a and = Za. 



We put 

0(a)- 
#(a)- 

5(a)" 
5(a)" 

Then we can see easily that 



= (( ff (a),l),(0,0;0)), 

= (( 5 (a),-l),(0,0;0)), 

= (G/(a),i),(0,0;0)), 

= (( 5 (a),-i),(0,0;0)). 



J 1/2 (( 5 (a),l),fi) = (deta)- 1 / 2 , 

J V2 ((5(a),-l),0) = -(deta)- 1 ^, 

J1/2 ((5(a), i),0) = i(deta)- 1 / 2 , 

J1/2 ((<7(a), -z),0) = -i(deta)- 1 / 2 . 
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According to the covariance relation (5.4), we obtain 

= (^r M (9(a) + ,(n,z)y l ^l {njZ) ) 

= (deta)? (*M?L,z a ) 

= (deta)? £ ^LzM) 

= (deta)? Y e^ CT{A1(AW(AtQ)+2Atatz)} 
= (deta)?<tf,^>. 

Similarly we obtain 

(*,«, M (9(«)-)*}$) = (-ir(deta)T 
(*,u>M{9{«) + )*}$) = ^(deta)f 
(^^^(a)-)^) = (-<) m (deta)T(tf,^M)>. 

Now we put 

PM{g{a)+) = (deta) 2 , 

(</(<*)_) = (-ir(deta)T, 

/ -4- \ — 

PM{g{a) + ) = i (deta) 2 , 

PM{9{<*T) = M) m (deta)?. 

Therefore d satisfies the semi-invariance relation (6.7) in the case 7* = (((7(a), e), (0,0; 0)) 
with e = ± 1, ± i, a £ GL(n, Z). 



6^ = (-*)' 



Case IV. 7,, = ((<r n , e), (0, 0; 0)) with a n = (j^ ^ and 
In this case, we have 

$7* = — il^ 1 and = ZVL~ l . 

In the process of the proof of Theorem 5.1, using Lemma 5.1, we already showed that 

m 

det-] 2 e-TM-Mzn- 1 ^). 
1 ) 

By (6.8), we see that 

. . _ rn 

(6.9) &${Mx)= (detM)-Mdet^J ° e -*MA< 

where / is the Fourier transform of / defined by 

f(x)= f f(y)e~ 27ria(ytx) dy, x£K M . 
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On the other hand, in the process of the proof of Case IV in Theorem 5.1, we showed that 

J* M (g*,(n,Z)) = e' m (detfi)T e^CMzn- 1 ^). 

According to the covariance relation (5.4), Formula (6.9) and Poisson summation formula, 
we obtain 

= <*,^(7.,(n,^)~^n^> 

= JUi*^Z))-\#,^\ z ^) 

= e m (det^)~^ e -Ki<j{Mzsi- xt z) ^ e -nia(M(An- lt A-2An- lt z)) 

= e m (det^)"t ^ e - 7Tia { M ( zn ' ltz + An ' ltA - 2An ' ltz )) 

= e m (detQ)-f e-^< M{z - A ^ lt{z ' A ^) 

Aezi 171 * 71 ) 

det-J &n$<MA) (by Formula (6.9)) 

= e m (det — V ^ ^njz(^) (because det (M) = 1) 

^ ) XT ^fiz' (^) ( W Poisson summation formula) 



We put 

PA,(7*) = e m H)^. 

Therefore i? satisfies the semi-invariance relation (6.7) in the case 7* = ((<7„, e), (0, 0; 0)) 
with cr n = ^ and e 2 = (— i) n . The proof of Case IV is completed. 

Since is an automorphic factor for G% on IH njm , we see that if the formula (6.6) holds for 
two elements 71,72 in , then it holds for 7172- Finally we complete the proof of Theorem 
6.1. □ 



Corollary 6.1. Let and pm be as before in Theorem 6.1. If m is odd, ®m(Q,,Z) is a 
Jacobi form of a half-integral weight y and index 4p with respect to an arithmetic subgroup 
r* for a character pm °f T* • 
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Remark 6.1. Let a = (01,02) G Z n x 7L n with 01,02 G Z n . Takase [19] considered the 
following theta series defined by 

# a (Q Z) •= ^ e 7ri t (£+a 2 ) + 2(£+ai) i (Z+a 2 )) 

w/iere G H n and Z G C n . We put 

0* a (n,Z) := e" aita2 -0 O («,Z). 

We let r & e a discrete subgroup ofT n consist^ of 7 = such that 

(1) L7 = L, where L = Z n x Z n . 

(2) (xA + yC) \xB + yD) = x l y (mod 2Z) /or a// (x, y) G L. 
H^e put r^o = 7r7 1 (ro) and 

1 *,0 — 1 *,0 X ^2 

i/e proved that for any 7* = ((7,6), (A,/i;i)) G mf/i 7 G To, the following transforma- 
tion formula 

(7* • (o, z)) = p(( 7 , e )) xa((A, m; *)) Ji (7*, (n, £)) ^(n, 

holds, where Xa denotes the unitary character of L xR defined by 

Xa((A,M;*))= e 2 -(* + ^V-A% 2 + a 1 v) ) (A, fi;t) £ L xR 

and 1 = (1) denotes the lxl matrix. Here p : T^o — * T is a certain unitary character 
that is given explicitly in [El Theorem 5.3, p. 134]. 
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